Abstract. This paper studies the asymptotic behavior of smooth solutions to the generalized Hall-magneto-hydrodynamics system (1.1) with one single diffusion on the whole space R 3 . We establish that, in the inviscid resistive case, the energy }bptq} 2 2 vanishes and }uptq} 2 2 converges to a constant as time tends to infinity provided the velocity is bounded in W 1´α, 3 α pR 3 q; in the viscous non-resistive case, the energy }uptq} 2 2 vanishes and }bptq} 2 2 converges to a constant provided the magnetic field is bounded in W 1´β,8 pR 3 q. In summary, one single diffusion, being as weak as p´∆q α b or p´∆q β u with small enough α, β, is sufficient to prevent asymptotic energy oscillations for certain smooth solutions to the system.
Introduction
In this paper we consider the three dimensional incompressible Hall-magnetohydrodynamics (Hall-MHD) system with fractional Laplacian: u t`u¨∇ u´b¨∇b`∇p "´νp´∆q β u, b t`u¨∇ b´b¨∇u`η∇ˆpp∇ˆbqˆbq "´µp´∆q α b,
with the initial conditions (1.2) upx, 0q " u 0 pxq, bpx, 0q " b 0 pxq, ∇¨u 0 " ∇¨b 0 " 0, where x P R 3 , t ě 0; the unknown functions u, p, b denote the fluid velocity, fluid pressure and magnetic field, respectively. The constants ν, µ stand for the kinematic viscosity coefficient of the fluid and the magnetic Reynolds number, respectively. The Hall parameter η denotes the strength of magnetic reconnection, which takes value either 1 or 0 in this paper. We point out that the magnetic field b will remain divergence free for all the time if ∇¨b 0 " 0, see [4] . When the parameters α " β " η " 1, the Hall term ∇ˆpp∇ˆbqˆbq describes the occurrence of the magnetic reconnection when the magnetic shear is large, which makes (1.1) different from the usual MHD system. The magnetic reconnection is a physical process of topological reordering of magnetic field lines, in which magnetic energy is transferred to kinetic energy, thermal energy and particle acceleration. In this paper, we consider the generalized Hall-MHD system (1.1) with 0 ă α, β ď 1 and η " 1. The readers are referred to [12, 13, 19] and references therein for more physical background of the Hall-MHD system.
We will go over briefly the mathematical study on the Hall-MHD system (α " β " η " 1) and some fundamental theory in the literature. Global existence of weak solutions was established in [1] and [3, 11] , on periodic domain and in the whole space R 3 respectively. Local well-posedness of classical solution was investigated in [3] . Various blow-up criteria were obtained in [3, 4, 7] . Local well-posedness is studied in [6] for the Hall-MHD system with fractional magnetic diffusion. In [5] the authors established temporal decay estimates for weak solutions in the energy space L 2 pR 3 q and for small initial data solutions in higher order Sobolev spaces by utilizing the Fourier splitting technique introduced in [15, 16, 17, 18] , and extensively applied to study asymptotic behavior of solutions to various systems on the whole space R 3 , for instance see [8, 9, 10] . Specifically, provided the initial data pu 0 , b 0 q P
, there exists a weak solution to system (1.1) with α " β " 1 which satisfies
Notice that for the Navier-Stokes equation, the energy }uptq} 2 2 of a weak solution decays with the same rate p1`tq´3 2 if the initial data u 0 P L 2 pR 3 q X L 1 pR 3 q, see [16] . In contrast, in [2] the authors studied the long time behavior of solutions to the MHD system, that is (1.1) with α " β " 1 and η " 0 (thus without the Hall term ∇ˆpp∇ˆbqˆbq). In the viscous and resistive case µ, ν ą 0, it was shown that any weak solution pu, bq to the MHD system with initial data in`L 2 pR 3 q˘2, the total energy }uptq} 2 2`} bptq} 2 2 converges to zero without a rate as time tends to infinity. The authors also analyzed that this decay estimate without rate is actually optimal. One can expect that if we assume additionally that pu 0 , b 0 q is also iǹ L 1 pR 3 q˘2, then the energy }uptq} 2 2`} bptq} 2 2 would decay with a rate p1`tq´3 2 which is the same as (1.3). It indicates that the presence of the Hall term in (1.1) seems to make no difference for the energy decay estimates when we compare the viscous resistive Hall-MHD and MHD systems. Another case considered in [2] was when ν ą 0, µ " 0, it was shown that if strong bounded solutions to the viscous non-resistive MHD system exist, then the diffusion of the fluid velocity is enough to prevent any asymptotic energy oscillations, thus }uptq} 2 converges to zero and }bptq} 2 converges to a constant as t Ñ 8.
Inspired by the work of [2, 5] , we are interested in studying the asymptotic behavior of smooth solutions to the generalized Hall-MHD system (1.1) (η " 1) with solely one diffusion, that is, either the viscous non-resistive case ν ą 0, µ " 0 or the inviscid resistive case ν " 0, µ ą 0. The subjects of the investigation are twofold: to explore the different or analogous large time behavior between solutions of the Hall-MHD system and the MHD system; to examine how strong the one diffusion is needed to prevent asymptotic energy oscillations. To carry out the analysis, we split the energy into high and low frequency parts and estimate them separately. It turns out that the energy of the low frequency part converges once the initial data has finite energy; while additional assumptions are necessary to enforce the convergence of the energy of the high frequency part. The Fourier splitting approach is applied to establish the decay of the high frequency part. The main results are stated as below. 2 is enough to guarantee the convergence of the two energies and thus prevent asymptotic energy oscillations. Furthermore, if both the velocity and the magnetic field are bounded in some higher order Sobolev space, then the single diffusion p´∆q α b with α ą 0 is sufficient to prevent the asymptotic energy oscillations. As a contrast, for the viscous non-resistive Hall-MHD system in Theorem 1.2, if the magnetic field b is bounded in W 1´β,8 pR 3 q, then the single diffusion p´∆q β u with β ą 0 is adequate to stave off such oscillations. We point out that the additional assumptions are imposed to estimate the nonlinear terms in which no cancelation exists.
In addition, we learned that no extra assumption is needed to estimate the Hallterm in both cases, thanks to the cancelation in the flux ş R 3 ∇ˆpp∇ˆbqˆbq¨b dx. Therefore, we have the following analogous results for the MHD system. Corollary 1.3. Let pu, bq be a global smooth solution to the generalized inviscid resistive MHD system (1.1) with η " 0, ν " 0 and µ ą 0. Assume u 0 P L 2 pR 3 q and ‚ The cancelation of nonlinear terms, as xu¨∇u, uy " 0, xu¨∇b, by " 0, and x∇ˆpp∇ˆbqˆbq, by " 0, play a crucial rule in the analysis. These cancelations are valid for smooth solutions, which is the reason we work with smooth solutions. In fact, it was shown in [11] that these cancelations are also valid for solutions in "Onsager" space, that is, u P L 3 p0, 8; 9 B 3,c0 pR 3as well.
The rest of the paper is organized as follows: in Section 2 we introduce some notations and establish certain generalized energy inequalities for low and high frequency parts, as well as some auxiliary estimates to handle the high frequency part; Section 3 and Section 4 are devoted to proving Theorem 1.1 and 1.2, respectively. As explained above, the Hall term can be estimated without additional assumptions, in light of which the proof of Corollary 1.3 and Corollary 1.4 will be omitted.
Preliminaries

Notation.
We denote by A À B an estimate of the form A ď CB with some absolute constant C. We write }¨} p " }¨} L p pR 3 q for simplification; and x¨,¨y stands for the L 2 -inner product. The Fourier transform of a function f is denoted bŷ
and the inverse Fourier transform of a function ϕ is denoted by
Various constants shall be denoted by C throughout the paper.
Generalized energy inequalities.
We first recall that the following energy equality holds for a regular solution of (1.1)
Thanks to the identity
and the fact ∇ˆp∇vq " 0 for any function v, the Hall term can be rewritten as ∇ˆpp∇ˆbqˆbq " ∇ˆ∇¨pb b bq.
In the inviscid resistive case ν " 0, µ ą 0, we take functions ϕpξq " e´| ψpξq " 1´ϕpξq in the Fourier space. Obviously, ϕb and ψb represent the low and high frequency parts ofb, respectively. It follows from Plancherel's theorem that
In the viscous non-resistive case ν ą 0, µ " 0, we choose ϕpξ, tq " e´| ξ| 2β t and ψpξ, tq " 1´ϕpξ, tq instead by abusively using the same letters, and split }uptq} 2 as }uptq} 2 " }ûptq} 2 ď }ϕptqûptq} 2`} ψptqûptq} 2 .
In order to estimate these terms, we first establish certain generalized energy inequalities for the low and high frequency parts respectively. 
It then follows that |bpξ, tq| ď|bp0q|`C|ξ|p1`|ξ|q
The estimate forû can be established in a similar way.
l At the end of this section, we introduce the fractional Sobolev inequality.
Lemma 2.4. [14]
Let 0 ď k ă ℓ ď 1, 1 ď p ă q ă 8 satisfying ppℓ´kq ă n and 1 q " 1 p´ℓ´k n , then there exists a positive constant C " Cpn, p, q, k, ℓq such that }f } W k,q pR n q ď C}f } W ℓ,p pR n q .
3. The inviscid resistive case ν " 0, µ ą 0
In this section we show that for smooth solutions to the inviscid resistive Hall-MHD system (1.1) in R 3 , the energy }bptq} To deal with J 4 , observing the cancelation xu¨∇b, by " 0 we have, where we apply Sobolev's inequality to obtain the last step. Again, utilizing the cancelation x∇ˆpp∇ˆbqˆbq, by " 0 and the fact }|ξ| 2´α pψ 2´1 q} p is finite for p ą 1, J 5 can be estimated as We only need to take care of (3.10) for the obvious reason. We will apply Fourier splitting approach to handle the second and third terms on the right hand of (3.10). Denote the ball Bptq " tξ P R 3 : |ξ| ď Gptqu, where the radius Gptq will be determined later. In this section we show that }uptq} 2 converges to zero in the viscous non-resistive case ν ą 0, µ " 0 and β ą 0, provided b is bounded in W 1´α,8 pR 3 q. We estimate the low frequency part }ϕptqûptq} 2 and high frequency part }p1´ϕptqqûptq} 2 separately, by taking ϕptq " e´| ξ| 2β t . which has the same form of (3.10). Therefore, we can apply the same Fourier splitting strategy to obtain that lim tÑ8 }ψûptq} 2 " 0. l Thus the statement of Theorem 1.2 follows from the two lemmas above and the basic energy equality.
